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Abstract

The formalism of the optical coherence has been
applied to the description of the Bragg-case dynamical
X-ray diffraction from crystals with randomly distrib-
uted amorphous spheres. Explicit formulas have been
found for the reflection curves of such crystals in
the first and second approximations of the iterative
solution of the Takagi equations. It is shown that if the
coherent plane wave falls on the crystal the diffracted
wave consists of two parts — the plane coherent wave
(which corresponds to the diffraction from a perfect
crystal with a modified value of the Debye—Waller
factor) and the partially coherent wave (diffusion
scattering). The form of the partially coherent contri-
bution to the reflection curve is discussed and its
dependence on the defect diameter and the defect
concentration. From the curves the integrated inten-
sities are obtained. It is proved that the integrated
intensity of the waves diffracted from such crystals
depends linearly on the relative disturbed volume of the
crystal and in the first approximation it does not
depend on the defect diameter if this volume remains
constant.

1. Introduction

X-ray diffraction from crystals with randomly distrib-
uted microdefects is described usually on the basis of
kinematical diffusion scattering of X-rays. In previous
papers (Holy, 1980, 1982a,b,c), the dynamical diffrac-
tion of X-rays was described by means of the
formalism of optical coherence. It was shown
within the framework of the dynamical diffraction
theory that the correlated displacements of the atoms in
the crystal cause the decrease in the degree of
coherence of the diffracted wave and thus the shape of
the reflection curve and the angular distribution of the
diffracted intensity (diffusion scattering) are changed.
The general principles formulated by Holy (1982a)
were applied (Holy, 1982b) for the computation of
Laue-case reflection curves and it was proved that the

0108-7673/83/050642-05801.50

kinematical limit of the curves obtained is equal to that
computed by the usual formalism of diffusion scatter-
ing (Dederichs, 1971; Krivoglaz, 1967).

The aim of this paper is to apply the general results
for Bragg-case diffraction from crystals with small
amorphous spherical volumes randomly distributed
over the crystal volume. We obtain the explicit
formulas for reflection curves of such crystals and we
compute the integrated intensities of the diffracted
wave.

2. General theory

The theoretical description of the dynamical diffraction
from crystals with randomly distributed defects was
based on the iterative solution of the Takagi equations
in the integral form which was formulated by Afanas’ev
& Kohn (1971). The details of the computation as well
as the meaning of the symbols used are given in the
paper by Holy (1982a) — referred to as 1.

The mutual coherence function (MCF) F(r,r’) of the
waves emitted from a disturbed crystal, which is
defined as

F(rr) = (D@ ®D*(F))p)r o))

can be written in a first approximation in the following
form [cf. 1, equation (39)]:

IO, r) = ror,r) + expl2n(A.r,— A*.r,)]
ffdrdﬂ Glr,— 1

X <p(r) PO BHP Y GHE, — 1),
(2
7O(r,r') is the MCF of the waves in the perfect crystal
with the Debye-Waller factor (expl—2zih.u(r)l);
(‘quasiperfect crystal’), I'O(r,,r.) is the MCF of the
waves emitted from the quasiperfect crystal.

In this paper we are concerned with the Bragg case
of diffraction. Then

YO(r,r) =1 expl—2mi(x.r — x*.r)], i,j=0,h, (3)
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if the plane coherent wave falls on the crystal. k is the
physically correct solution of the dispersion relation
(1.43) for the given direction of the incident rays. For
the coefficients 7;;

1 c*

¢ cc*

a

I={1,}=1,

5

4

holds, where I, is the intensity of the primary beam, ¢ is
the complex reflectivity of the quasiperfect crystal.
Green’s function of the quasiperfect crystal equals that
of the perfect crystal with the changed value of y,,.
Then in the Bragg case (¢f. Afanas’ev & Kohn, 1971)

. oy—y'
Gr—ry= 20—
sin 20

o(s, — s3,) O(sy— sp) 0
X OR(r—r' 5
ik, R(r— ) (r—=r)|

| 2

holds, where
R(r—r')= 0(sy — s}) Os), — s}) (J0{27IK(X;,X'_;,)1/2

x [(sy— sb) (s, — sipIV2}

Sog— Sh
_& 9 (,) Jz{an(x’llxl_h)llz
Y Sh— Sh
x [(so— $b) (55— sip)V2 }) (6)

and J,(z) is the Bessel function of the nth order.
Formula (5) can be put into (2) only if the point rin (5)
lies on the crystal surface. The first line in (5) is
constructed in such a way that the formula

dO(r) = 7, f dr G(r— r)D(r') exp(=27iA.r) (7)
Se

is valid for the amplitudes of the waves on the entrance
surface S, of the crystal [d{”(r) = D (r) exp(—27iA.r)
must hold]. The crystal is assumed to be semi-infinite,
the waves are o polarized. Green’s function in the case
when point r lies inside the crystal is more complicated
(Afanas’ev & Kohn, 1971). It will be shown that it is
not necessary to consider such an explicit form of
Green’s function.

As has been shown in the previous paper, if the
coherent beam falls on the crystal with randomly
distributed defects, the wavefield emitted from the
crystal is a superposition of the coherent wave, which
corresponds to the wave emitted from the quasiperfect
crystal [the first term in (2)] and of the partially
coherent wave (diffusion scattering) whose intensity
depends on the covariance of the deformation field in
the crystal. Thus, the presence of the correlation of the
deformation field diminishes the degree of coherence of
the emitted wave.
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3. The first approximation of the diffracted intensity

We apply the general formula (2) for the computation
of the first approximation of the intensity diffracted
from the crystal containing randomly distributed
amorphous spheres. The diameter of the spheres is R
and their concentration (normalized to unity) is c. The
polarizability coefficient yj, of the quasiperfect crystal
is then given by y, exp(—P) (¢f. Holy, 1982b — referred
to as II), where

P =4cnR3/(3V,) ®

is the amorphous part of the crystal related to the
whole crystal volume.

After some lengthy but easy algebra we obtain from
(2) the following expression for the diffracted intensity

IN(r)=1I{" + M, + M,, 9
where
K2 x,l?
M1=Ie—‘——ffdrdr’ exp[—27i(k.r— x*.r')]
sin? 26 Dy

XN =1y, —»)0(y,— ") 6(soq — So)
X 5(S00—-S(')) @(Sha—‘sh) @(Sha-—S;,); (10)
M,=n*K? drdr expl—2mi(x.r — x*.r')]
JJ

14
X 8y, —y) 6y, — ") (N(r—t“)l)c_hl2

X Ly Gho(ry — 1) Gig(r,— ')

+ N =)l Iy Ghp(r, — ) Gix(r,— ')
250! 241

"

sin 26

X N(r' — G (r,—r))

+2Re{N'"(r—r) y_pnxt Ly Gho(r,— 1)

X [8(sgq — 8¢) O(sp, — 5})/sin 26

Reld(se, — Sp) O(Spq — Sp)

+ G,',:(r,,—r')]}). (11)
The meaning of N, N', G} is explained in II.

Let us consider first the term M. After some further
rearrangement we obtain '

lo(g)?

[
M, =1K%y 121, — 12
1= 385Xy v qlq,,—lc,,lz (12)

e

€ reciprocal
space

where

v(g) = f driexpl—27ih. (p)] — 1} exp(27ig. ). (13)

real
space



644

gy, Ky are the components of vectors g, «, respectively,
in the direction of the wavevector of the diffracted
wave. I(r) is the displacement caused by a single defect.
For the crystal with randomly distributed amorphous
spheres v(q) was derived explicitly in II and the integral
(12) was evaluated analytically (for details see Holy,
1982¢).

c
M,=mR3K?— |y,121
! v, "{umx,,l

1
X Re [W (Ze‘W(lW— l) + W+ 2)]

+ 1/(3|x,,|2)] (14)

holds, where W = 4nRk,.

From the well known estimation of the value of a
convolution (¢f. Schwartz, 1965) the value of M, can
be estimated. It can be shown that in the case of 333

Cu Ka, symmetrical diffraction on Si (Bragg case) the
term M, makes at most 1% of M, if

PR? <0-01 ym? (15)

holds. Then, M, can be completely neglected.
Let us consider the physical sense of such neglection.
This neglection is equivalent to putting

G(ra - I') = i(}.)a'—__y)
sin 26
y (Spa — Sh) O(Seq — Sp) 0
0 HSpq — So) O(Spa — Sp)

(16)

into (2). This expression for Green’s function can be
obtained by xj, - 0 in (5). It was shown in I that this
limit yields the kinematical approximation of G. Thus,
the neglection of M, is equivalent to the assumption
that the scattering of the wavefield in the crystal [the
wavefield was computed dynamically — ¢f. (3)] can be
described within the kinematical approximation. Thus,
if (15) is valid, the partially coherent contribution to the
reflection curve in the first approximation can be
numerically evaluated from the explicit formula (14).

4. The second approximation of the diffracted intensity

In the previous chapter we showed that, if (15) is valid,
the exact form of Green’s function (5) can be replaced
in (2) by its kinematical limit (16). The formula (5) for
Green’s function, however, cannot be used for exact
computation of the second approximation of the
intensity, because for this purpose we also need the
values of G for the points r inside the crystal. From the
paper of Afanas’ev & Kohn (1971) it follows that the
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kinematical limit of Green’s function is given by (16)
for this case, too. Hence, if we restrict ourselves only to
the kinematical approach for computing the second
approximation of the diffracted intensity, which we
have made already in the case of the first approxi-
mation, we need not use the exact form of Green’s
function inside the crystal.

The second approximation of the diffracted intensity
is given by (1.54)

IP(r,) = IP(r,) + exp[27i(A — A%).r,]
x f f drdr[79(r,,r)

X (P )GHr— ) pH (D) GH(r,— 1)
+ Gr,— NP Glr— ) p(r' ),
x O, r)). 17

Deriving this formula we have neglected the third-order
correlation terms (Gpy©® p+ G+ p+ G+), etc. Putting
(4) and (16) into (17) we obtain, after some rearrange-
ment,

2) 1)
I =1 —

KI, c -
= © o Re [PE | 4ar3
2sin26 ¥,

Ky Kp

" R? :
— e [(ie71 — Qe~@ — [)/Q*— i/2]}],

K, sin 26
(18)

where Q = 47k, R sin 26/y,.

Comparing (18) with (14) we find that the first
approximation of the partially coherent part of the
diffracted intensity is proportional to the intensity of
the primary beam while the contribution of its second
approximation I{? — I{V is proportional (in the
approximation used) to the intensity diffracted by the
quasiperfect crystal. The second approximation is
therefore essential only in the region of the maximum of
the reflection curve of the quasiperfect crystal. The
assumption (16) results in a negligible error in the value
of the second approximation if (15) is fulfilled.

5. Numerical results

Formulas (14) and (18) were used for the numerical
evaluation of the first and second approximations of the
diffracted intensity. The reflection curves were com-
puted for 333 Cu Ko, symmetrical Bragg-case diffrac-
tion on Si, the defects were described by their diameter
R and the relative amorphous volume P given by (8).
Their values were chosen so as to fulfil condition (15).
The contributions of the first approximation to the
reflection curve AI{N(460) = IV (46) — I[P(46) and the
reflection curve of the quasiperfect crystal I\(46) are
plotted in Fig. 1 for various diameters R and various
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concentrations ¢ of defects so that the relative
amorphous volume P remains constant. If R increases
AIfY becomes narrower and higher. The minimum of
AIY in the position of the maximum of I{® can easily
be explained by the dependence of the effective
absorption coefficient of X-rays on the departure 46
from the Bragg position. Since the positions of the
defects are not correlated, the partially coherent part of
the reflection curveis proportional to the amount of
irradiated defects and thus inversely proportional to
this absorption coefficient. In the vicinity of the
maximum of the coherent reflection curve 7{9(46) this
absorption coefficient has a maximum and AI{" has a
minimum. The asymmetry of the shape of AI{" is given
by the asymmetry of the dependence of the effective
absorption coefficient on A6.

The contributions of the second iteration to the
reflection curve AI(46) = IP(A40) — ID(46) are
plotted in Fig. 2 for various values of R and ¢ so that P
remains constant. These contributions are not neg-
ligible only in the vicinity of the maximum of () where
the absolute value of AI{?) is comparable with AI{". For
all angles of incidence AI?) is negative.

Integrating the functions I{0(46), AI{"(40),
AIP(A0) over A8 in the range (—oo;00), we obtain the
values JO, AJ, AJP), respectively. JI? is the in-
tegrated intensity of diffraction from the quasiperfect
crystal, 47 and 4/§? are the contributions of the first
and second approximations to the integrated intensity
of diffraction. The dependences J{?, AJV, AJ? on the
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Fig. 1. The reflection curve (Cu Ko, 333 symmetrical Bragg case
on Si) of the quasiperfect crystal (I} dashed line) and the
contribution of the first approximation to the reflection curve
(41" full line). The curves were computed for constant value of
P = 1072, the values of R are (@) 0-2 pum, (b) 0-4 um, (c) 0-6 pm,
(d) 0-8 um, (¢) 1-0 pm. The contribution of the second
approximation to the reflection curve (4If¥) is plotted in the
upper right corner for R = 1.0 um, P = 10~ The intensities are
normalized to the intensity of the primary beam.
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diameter R (P remains constant) are plotted in Fig. 3
for various values of P. It is obvious that the
contribution A4/4V is practically not dependent on R if P
remains constant. 4J§?, however, depends on R
strongly but it makes at most a low percentage of AJ{".

Fig. 4 shows the dependence of Ji¥, AJ{V, AJ» and
of J,, =JO + AJY + AJP on P for a constant R. The
dependence of J{? on P is caused by the influence of P
on y;. Since the integrated intensity of diffraction from
the quasiperfect crystal is proportional to Re x},

Jl(ro) ,:J’(,perfect)(l _ P) (19)
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Fig. 2. The contributions of the second approximation (47{?) to the
reflection curve computed for P = 102 and R (a) 0-2 pm, (b) 0-4
um, (c) 0-6 um, (d) 0-8 pm, (¢) 1-0 um. The values of 4I{? are
negative.
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Fig. 3. The dependence of the integrated intensity of diffraction
from the quasiperfect crystal (/i) and of the contributions of the
first and second approximations of the integrated intensity
(47{®) on R for constant P = 10~2 (full line) and 10! (dashed
line).
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holds. Thus, this dependence is approximately linear.
The dependences of AJV, AJ{Y on P are given mainly
by the fact that AJ{"? are proportional to c. The
departures of this linear dependence are caused by the
influence of P on y;, and thus on «. For the values of P
used, however, these deviations can be neglected and
AJMD can be considered to be proportional to P.

6. Discussion

(i) During the computation we have restricted our-
selves to the special form of the defects, namely, we
have assumed that the defects are amorphous spheres
which do not deform the surrounding lattice. The actual
defects in the crystals, however, deform the lattice
essentially. The displacement field caused by a single
defect with a spherical symmetry can be written as (see
Eshelby, 1956)

Ar
—— for Irl =R
Ir)={1r®

random value for |rl < R,

where 474 is the change in the crystal volume due to
a single defect. If 12n4h/R? < 1 then the exponential
function in (13) can be replaced by the first two terms
of its Taylor series. Then the reflection curves can be
evaluated analytically. It was shown (¢f. Holy, 1982¢)
that the reflection curves obtained are asymmetrical
and the asymmetry depends on the sign of 4. The
integrated intensities, on the contrary, depend on A4
only slightly. For greater values the reflection curves
cannot be evaluated analytically.

(ii) Performing y} — 0 in (12) we obtain from (12) an
integral of Iv(q)!? over the surface of the Ewald sphere
near the reciprocal-lattice point, which represents
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Fig. 4. The integrated intensities J\?, 47512 and the total integrated
intensity J, as a function of P for constant R = 0-3 um.
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according to Dederichs (1971) the intensity of the
diffusion scattering in the kinematical approximation.
The angular distribution of the scattered intensity is
then given directly by lv(g)!%

(iii) Comparison with the results of paper II shows
that the shape of the incoherent contribution to the
reflection curve in the Bragg case is similar to that of
the Laue case.

7. Conclusions

The results obtained can be summarized into the
following items:

(i) If the coherent plane wave falls on the crystal the
diffracted wave is the superposition of the coherent
plane wave which corresponds to the wave diffracted
from the quasiperfect crystal and of the partially
coherent wave whose MCF is dependent on the
correlation of the deformation field in the crystal.

(ii) The partially coherent contributions to the
reflection curve in the first and second approximations
are proportional to the relative amorphous volume of
the crystal and thus to the concentration of the defects.
The first approximation of the reflection curve becomes
narrower and higher if the diameter of the defects
grows. The contribution of the second approximation is
essential only in the close vicinity of the maximum of
the reflection curve of the quasiperfect crystal and it is
approximately proportional to the defect diameter.

(iii) The integrated intensity of diffraction from the
quasiperfect crystal diminishes linearly with increasing
the amorphous volume and it does not depend on the
defect diameter. The first approximation of the partially
coherent contribution to the integrated intensity is
proportional to the amorphous volume and it is
approximately not dependent on the defect diameter if
this volume remains constant. The contribution of the
second approximation to the integrated intensity is at
most a few percent of the first approximation.
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